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1 What is Machine Learning?

From Tom Mitchell’s classic textbook, Machine Learning is the study of algorithms that *’

e Improve their performance P
e At some task T
o With experience F

A classic example (spam detection).

o Task T detecting spam from ham (not-spam)
e Performance measure P: percent of emails correctly classified as spam or ham

o Experience E: a database of emails labeled as either spam or ham

A contemporaneous example (ChatGPT).

o Task T: Generate responses in a conversation


https://surbhi18.github.io/MoML/
https://mml-book.github.io/
http://www.cs.cmu.edu/~tom/mlbook.html

e Performance measure P: High quality responses as measured by humans

o Experience F: dataset of prompts and demonstrations of responses

1.1 Components of an ML Algorithm

An ML algorithm has three parts: data, models, and learning.

Data. ML derives all of its power from experience, or data.

o While data can be many things (videos, images, text, radar, etc.), we typically abstract away
the specifics as a dataset of NV examples z1,...,zy € X. A common choice is to work in the
space of real-valued vectors X = RP. For spam detection, ; might be a vector in R where
each dimension represents the count of a specific word in the email. A 100x100 grayscale

image can be “flattened” into a vector x; € R10000,
e Sometimes, these are paired with labels y1,...,yny € Y. A common choice is to work with
real valued labels, so the whole dataset is (x1,%1),..., (zx,yn) € RP x R.

« Often, we compactly represent this as X € RV*P (N examples, D features) and Y € RV

T

L1 Y1
X = : and Y =
CU% YN

e The data that an ML algorithm has access to is typically referred to as training data.

Hypothesis class. Given a dataset, an ML algorithm then defines a hypothesis class, which is a
set of possible functions (sometimes referred to as models).

e ML models are functions that, when given an input z, produces an output y.
o If the output is a real valued scalar, we write a predictor as f : RP? — R
o Here, f(x) applies the predictor f to an example z and returns a real number.

o We often write fy to denote that f has a set of parameters § € O that can be varied to get
different functions, and the hypothesis class is therefore F = {fy : 6 € O}

o Example: For predicting house prices from size, the hypothesis class could be all straight lines.
This is an example of a linear hypothesis class, where models are of the form fp(x) = §72.!
The parameters § € R define a specific line, and the full hypothesis class is the set of all
possible lines, F = {fy : 6 € RP}.

Learning. Given a dataset and a hypothesis class, the ML algorithm then tries to find the “best”
function in the hypothesis class. This process is called learning.

» The goal of learning is to use the data to find a function f; and its corresponding parameters
6 that performs well on the data.

"We typically assume that the input vector x is augmented with a constant feature, e.g., zo = 1, to account for
the bias/intercept term.



o While “performing well” can be many things (i.e. accuracy, mean squared error), we typically
abstract away the specifics as a loss function £ : Y x Y — R that captures how “wrong” an
output is. Then, performing well is equivalent to achieving low loss.

e For the hypothesis class of linear functions, the goal is to find a specific parameter 0 such
that predictions on the data ; = (6)”x; have low error, i.e.

(i, yi) = (9 — vi)?

is low for all i € [N], where [N] = {1,..., N}. This is the squared error, or ¢s-loss.

e The average loss on the training data is known as the empirical risk:

N
. 1
R(f) =+ Zlﬁ(f(xi), i)
=
e The expected loss on new data is known as the true risk:

R(f) = E(:z;y)ND [E(f(.f), y)] )

where D is the data distribution the training data is drawn from.

ML Algorithm. In total, an ML algorithm seeks to find the best function by minimizing the
empirical risk, a strategy known as Empirical Risk Minimization (ERM):
f = argmin R(f)

feF

This connects back to our original definition of machine learning;:

« Improve their performance P, achieved by minimizing the total empirical risk R (learning)
o For some task T, tackled with a hypothesis class F (model)
+ Using experience E, given by examples {(z;, i) }icn) (data)

1.2 Theoretical Questions for ML

To understand the theoretical underpinnings of ML, we explore three fundamental questions con-
cerning generalization, representation, and convergence. This course is structured around proving
one major theorem for each of these concepts.

We don’t expect you to understand the details of these theorems yet; they are pre-
sented here to preview the goals of the course, and we will build the necessary math-
ematical tools to unpack them.

Generalization. The learning algorithm picks f by minimizing the empirical risk on the training
data (X,Y). However, what we really want is for the model f to perform well on new data drawn
from the same distribution, typically referred to as testing data. The question of generalization
asks:



Why does minimizing the risk on the training data result in good performance on new, unseen
testing data?

For example, why should my spam detector work on new spam emails? Why does ChatGPT work
on new prompts that I make up?

The fundamental goal of machine learning is to find a model that performs well on new, unseen
data. To formalize this, it helps to separate two quantities: the empirical risk, R( f), which is the
average loss on the training data we have, and the true risk, R(f), which is the expected loss on all
possible data from the underlying distribution. We can only calculate and minimize the empirical
risk, but we really want to find a model with low true risk.

A potential pitfall is overfitting: our learning algorithm might find a function f that fits the random
quirks of our specific training sample perfectly (achieving low empirical risk), but fails to capture
the true underlying pattern (resulting in high true risk). To ensure our model generalizes, we need
a formal way to relate the empirical risk to the true risk.

The first module of this course will cover the fundamentals of probability, culminating in proving
the following formal generalization bound, which provides exactly such a guarantee.

Theorem 1 (Generalization of Finite Hypothesis Classes). If the hypothesis class is finite® (i.e.
|F| < 00) and the loss is bounded 0 < ¢ < 1, then with probability at least 1 — & (over the draw of
the N training examples), the following holds for all f € F:

. 10g(|]:|) + log(1/4)
[R() = R(P)| £ \/ s

The < notation means that the left-hand side is upper bounded by the right-hand side up to a
constant factor.

This theorem provides a formal guarantee that what we learn is meaningful. The bound on the
right-hand side has two key dependencies:

o It decreases as the number of data points N increases (at a rate of 1/4/N). More data leads
to better generalization.

o It increases with the size of the hypothesis class |F|. A more complex hypothesis class is
harder to generalize and requires more data.

This guarantee is also stronger than we asked for; it holds simultaneously for all predictors f € F,
not just the f we found.

Representation and Tractability. The ML algorithm will search for a f from the hypothesis
class F that minimizes the empirical risk. But we may not know if there exists a function in the
hypothesis class that is a “good” solution in the first place. This leads to the fundamental question
of representation:

2A finite hypothesis class means we are only choosing between a finite number of functions.



What kinds of functions can a hypothesis class represent or approzimate?

A simple linear model, for instance, can’t capture complex, non-linear patterns. One way to make
it more expressive is to map the data into a higher-dimensional feature space and then apply a
linear model there. For instance, we could augment a feature = with 2 and 23 to learn polynomial
functions. What if we took this to the extreme and mapped our data to an infinite-dimensional
feature space? A linear model in such a space would be incredibly powerful, potentially able to
represent any function.

This creates a new, seemingly impossible challenge: how can we possibly represent/learn a model
that has an infinite number of parameters? This is a question of tractability.

The second module of this course culminates in the classic Representer Theorem, which provides
an elegant solution to this tractability problem. The key insight is to use mathematical tools called
kernels®. Kernels allow us to work in infinite-dimensional feature spaces implicitly, and the theorem
shows that for regularized empirical risk minimization, the optimal solution still has a surprisingly
simple, finite form that depends only on the training data.

Theorem 2 (Representer Theorem). Fiz a positive definite kernel k with reproducing kernel Hilbert
space® H. The minimizer for any objective of the form

~

f = argmin R(f) + Q(|f]13,)
feH

where ﬁi( f) is the empirical risk and S is a non-decreasing reqularizer, can be expressed as

N

fla) =" aik(wi,z)

i=1

In other words, the representer theorem says that the minimizer over the infinite-dimensional
hypothesis class H can be represented as a finite sum of kernels centered on the training data.

Convergence. The first theorem answered when models generalize to new data (and how much
data we need to do so). The second theorem answered what functions we can hope to model
in the first place. However, these results all ignore the problem of learning the model from the
data—solving the minimization problem. Convergence aims to answer the following question:

How long does it take to learn a model from data?

Different techniques for solving the minimization problem as well as different hypothesis classes can
drastically alter how long the learning process takes.

A common method for minimizing the empirical risk is gradient descent. It is an iterative algorithm
that starts with an initial guess for the parameters # and repeatedly takes a small step in the
direction of the steepest descent of the loss function—that is, the negative of the gradient. Think
of it as trying to find the bottom of a valley by always taking a step downhill.

3A function that measures similarity between points in a way that guarantees certain nice mathematical properties.
4An infinite-dimensional space of functions where we can still have notions of distance similar to Euclidean space.



The third module of this course will cover fundamentals of calculus, culminating in the following
convergence rate for gradient descent. This result is crucial because it tells us how quickly an
algorithm can learn, which determines how long we must train a model to achieve a desired accuracy.

Theorem 3 (Convergence Rate of Gradient Descent). Suppose we run gradient descent on a
convex”, smooth® function R with fized constant learning rate n depending on the smoothness of the
function. Then, for all time t, we have

_ e — 613

~

R(6:41) — R(6%)
where 0* is the global minimum.

In other words, if the empirical risk satisfies the assumptions, then running the gradient descent
algorithm is guaranteed to converge at a rate of O (%), i.e. in order to get € error, we must run
O(1/e) steps of gradient descent. This is in contrast to other approaches such as Stochastic Gradient
Descent (SGD)”. For general convex functions, SGD converges at a slower rate of O (ﬁ), requiring
more steps to achieve the same accuracy. However, SGD is often preferred for large datasets because
each individual step is computationally much cheaper than a full gradient descent step.

5A convex function is ’bowl-shaped’ and has the crucial property that any local minimum is also a global minimum.

SA function is smooth if its gradient does not change too quickly.

"SGD is a variant of gradient descent that updates the parameters using the gradient calculated from only a single,
randomly chosen data point (or a small “mini-batch” of points) at each step.
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