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1 Why Linear Algebra for Machine Learning?

Recall from Lecture 1 that machine learning has three core components: data, models, and learning.
Linear algebra is the mathematical foundation that underlies all three.

• Data lives in vector spaces. We represent data as vectors and matrices: images become
vectors in RD, collections of N examples become matrices X ∈ RN×D. Understanding vector
spaces lets us reason about the structure and properties of our data.

• Models are linear transformations. Even complex models like neural networks are built
from compositions of linear transformations (matrix multiplications) followed by simple non-
linearities. Linear algebra gives us the tools to understand what these transformations can
represent.

• Learning involves optimization in high dimensions. Finding θ̂ = argminθ R̂(θ) means
navigating through high-dimensional parameter spaces. Linear algebra provides the geomet-
ric intuition and computational tools (projections, decompositions) needed to solve these
optimization problems efficiently.

This module builds toward answering the representation question from Lecture 1: what functions
can we represent? We will develop tools that eventually let us work in infinite-dimensional spaces
(Hilbert spaces, kernels) where linear models become arbitrarily expressive. The Representer Theo-
rem shows that even in these infinite-dimensional spaces, the optimal solution has a finite, tractable
form—a result that fundamentally relies on the linear algebra concepts we will cover.

Over the next few lectures, we will build up from basic matrix operations to abstract vector spaces,
inner products, and decompositions. Our goal will be to learn about the the fundamental properties
of linear systems, and generalize these properties to abstract vector spaces (function spaces like
Hilbert spaces) that are not necessarily in the field of real numbers.

2 Linear Algebra Basics

Most likely you are familiar with basic operations on matrices and vectors. For example, A ∈ R3×5

is a matrix of real numbers with 3 rows and 5 columns, while b ∈ R3 is a vector of 3 elements.
These form the basis of a system that we call linear algebra, which has several main properties.

• For m,n ∈ N, a matrix A is a m,n tuple of elements aij where i denotes the row and j denotes
the column.

1



• Addition: if C = A+B and A,B ∈ Rm×n then cij = aij + bij

• Product: If C = AB and A ∈ Rm×k and B ∈ Rk×n then cij =
∑k

l=1 ailblj where C ∈ Rm×n

• Identity: Im ∈ Rm×m is an identity matrix when it is zero everywhere except the diagonal,
i.e. Iij = 1[i = j]

• Associativity: (AB)C = A(BC)

• Distributivity: (A+B)C = AC +BC, A(C +D) = AC +AD

• Multiplication with identity: ∀A ∈ Rm×n : ImA = AIn = A

• Inverse: Let A ∈ Rn×n. If AB = I then B = A−1 is the inverse of A

• Transpose: Let A ∈ Rm×n. The matrix B = A⊤ such that bij = aji is called the transpose.

• Symmetric: A ∈ Rn×n is symmetric if A = A⊤

We can also add scalars to the mix (single elements).

• Scalar multiplication: Let λ ∈ R. Then, λA = K where Kij = λaij .

• Associativity: (λϕ)C = λ(ϕC). Actually, scalars can be moved around: λ(BC) = (λB)C =
B(λC) = (BC)λ. Also, transpose doesn’t affect matrices: (λC)⊤ = C⊤λ = λC⊤

• Distributivity: (λ+ ϕ)C = λC + ϕC and λ(B + C) = λB + λC

One of the most common uses of matrices and vectors is to represent linear systems of equations
in a compact form. I.e.

Ax = b

represents a series of linear equations, where each row of A is the coefficients for each variable x
and the target scalar is the corresponding row in b.

Example: Linear Models. Recall from Lecture 1 that a linear model is fθ(x) = θTx. When
we have N training examples (x1, y1), . . . , (xN , yN ) where xi ∈ RD and yi ∈ R, we can compute all
predictions at once by stacking the data into a matrix X ∈ RN×D: fθ(x1)

...
fθ(xN )

 =

 xT1
...
xTN

 θ = Xθ

To minimize the error between our predictions and the labels, we could try to find parameters θ
such that our predictions exactly match the labels, i.e., solve:

Xθ = Y where Y =

 y1
...
yN


Does such a θ always exist? If it exists, is it unique? How do we compute it efficiently? We will
answer these questions in the this module.
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3 Groups

The space of matrices and vectors behaves nicely, in that it has these properties of associativity,
distributivity, an identity and an inverse. Let’s now generalize this structure.

• Groups: Let G be a set and an operation ⊗ : G × G → G be defined on G. Then G = (G,⊗)
is called a group if

1. Closure: ∀x, y ∈ G : x⊗ y ∈ G
2. Associativity: ∀x, y, z ∈ G : (x⊗ y)⊗ z = x⊗ (y ⊗ z)

3. Neutral element: ∃e ∈ G ∀x ∈ G : x⊗ e = e⊗ x = x

4. Inverse element: ∀x ∈ G ∃y ∈ G : x⊗ y = y⊗ x = e. We write x−1 to denote the inverse
element of x. This does not always mean 1

x and is with respect to the operator ⊗.
5. (Commutivity) If ∀x, y ∈ G : x⊗ y = y ⊗ x then G is an Abelian group

• Examples of Abelian groups: (Z,+), (R \ {0})

• Examples of not-groups: (N + 0,+), (Z, ·), (R, ·)

• (Rn,+), (Zn,+) are Abelian if using component wise addition

• Matrices and addition: (Rm×n,+) is Abelian with component-wise addition

• Matrices and multiplication: (Rm×n, ·) is only a group if the inverse always exists

• General Linear Group: set of invertible matrices A ∈ Rn×n is a group with respect to matrix
multiplication, but is not Abelian (not commutative)

4 Vector Spaces

Groups have an operation with structure that stays within the group. This can be referred to as
an inner operation (i.e. elementwise addition) as the operator stays within the group. We can also
consider an outer operation which takes in an element outside of the group.

• A real-valued vector space V = (V,+, ·) is a set V with two operations:

– + : V × V → V (inner operation: vector addition)
– · : R× V → V (outer operation: scalar multiplication)

where

1. (V,+) is an Abelian group
2. Distributivity:

– ∀λ ∈ R, ∀x, y ∈ V : λ · (x+ y) = λ · x+ λ · y
– ∀λ, ψ ∈ R, x ∈ V : (λ+ ψ) · x = λ · x+ ψ · x

3. Associativity (outer operation): ∀λ, ψ ∈ R, x ∈ V : λ · (ψ · x) = (λψ) · x
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4. Neutral element with respect to the outer operation: ∀x ∈ V : 1 · x = x

Note: Closure for the outer operation ∀λ ∈ R, ∀x ∈ V : λ · x ∈ V is implicit in the type
signature · : R× V → V .

• The elements x ∈ V are called vectors. The neutral element of (V,+) is the zero vector 0.

• Example: Rn. V = Rn, n ∈ N is a vector space with:

– Addition: x+ y = (x1, . . . , xn) + (y1, . . . , yn) = (x1 + y1, . . . , xn + yn) for all x, y ∈ Rn

– Multiplication by scalars: λx = λ(x1, . . . , xn) = (λx1, . . . , λxn) for all λ ∈ R, x ∈ Rn

This is the most common vector space in machine learning—our data matrices X ∈ RN×D

are collections of vectors from RD.

• Example: Polynomials. Let Pn = {p(x) = a0 + a1x + · · · + anx
n : ai ∈ R} be the set of

polynomials of degree at most n. This is a vector space with:

– Vector addition: (p+ q)(x) = p(x) + q(x)

– Scalar multiplication: (λp)(x) = λ · p(x)
– Neutral element: the zero polynomial 0(x) = 0

– Inverse: for any polynomial p, its inverse is −p where (−p)(x) = −p(x)

For example, if p(x) = 2+3x and q(x) = 1−x, then (p+q)(x) = 3+2x and (2p)(x) = 4+6x.
The key point: this is a vector space of functions, not tuples of numbers.

• Example: Positive reals with non-standard operations. Let V = R>0 = {x ∈ R : x >
0} (positive real numbers) with operations:

– Vector addition: x⊕ y = xy (usual multiplication)
– Scalar multiplication: λ⊙ x = xλ (exponentiation)

This turns out to be a vector space, check yourself!

4.1 Vector Subspaces

• A subspace of a vector space is a vector space: if U ⊂ V and V = (V,+, ·) is a vector space,
then if U = (U ,+, ·) is a vector space we call it a subspace of V restricted to U .

• Since U uses the same operations as V (restricted to U × U and R × U), properties like
associativity, commutativity, and distributivity automatically hold for elements in U .

• However, we must explicitly verify that U contains the neutral element and is closed under
the operations. To show that U is a subspace, we need to show that

– 0 ∈ U
– ∀λ ∈ R, ∀x ∈ U : λx ∈ U
– ∀x, y ∈ U : x+ y ∈ U
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• Example: Solutions to homogeneous systems. The solution set of Ax = 0 (where
A ∈ Rm×n) forms a vector subspace of Rn. To see this:

– Contains 0: A · 0 = 0 �
– Closed under addition: If Ax1 = 0 and Ax2 = 0, then A(x1+x2) = Ax1+Ax2 = 0+0 = 0

�
– Closed under scalar multiplication: If Ax = 0, then A(λx) = λ(Ax) = λ · 0 = 0 �

This subspace is called the null space or kernel of A.

• Counterexample: The solution set of Xθ = Y (with Y ̸= 0) from our earlier example is
not a subspace because it doesn’t contain 0: if Y ̸= 0, then X · 0 = 0 ̸= Y . Also see Example
2.12 from the textbook.

• Example: Polynomial subspaces. Consider P2 = {a0 + a1x + a2x
2 : ai ∈ R}, the space

of polynomials of degree at most 2. This is a subspace of P3:

– Contains 0: the zero polynomial 0(x) = 0 is in P2

– Closed under addition: sum of two degree-2 polynomials has degree at most 2
– Closed under scalar multiplication: scaling a degree-2 polynomial gives a degree-2 poly-

nomial

More generally, Pm is a subspace of Pn whenever m ≤ n.

Why abstract vector spaces? While our data lives in RD, the abstract framework we’ve de-
veloped applies to much more general spaces. The polynomial example shows that vector spaces
can be sets of functions, not tuples of numbers. Later in this module, we’ll extend this further to
infinite-dimensional function spaces (Hilbert spaces, kernels), using the same linear algebra tools.
This generalization is key to the Representer Theorem and kernel methods, which allow us to learn
arbitrarily complex functions while maintaining computational tractability.
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