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1 Recap and Preview

Last time we covered change of basis, images and kernels, and affine subspaces. We saw that once
we choose a basis B for a vector space V , we can represent vectors as coordinate vectors and linear
mappings as transformation matrices.

Today we add geometric structure: inner products let us measure lengths, angles, and distances.
This will let us solve the optimization problem from Lecture 1—finding the best parameters θ to
fit data.

2 Inner Products

2.1 Definition and Properties

To add geometric structure to any vector space, we need inner products.

• Recall: a linear map is one that is linear with respect to addition and scalar multiplication:
Φ(λx+ ψy) = λΦ(x) + ψΦ(y)

• A bilinear map Ω : V × V → R is a function of two arguments that is linear in both
arguments:

Ω(λx+ ψy, z) = λΩ(x, z) + ψΩ(y, z)

Ω(x, λy + ψz) = λΩ(x, y) + ψΩ(x, z)

• A bilinear map Ω is symmetric if Ω(x, y) = Ω(y, x)

• A bilinear map is positive definite if

∀x ∈ V \ {0} : Ω(x, x) > 0, Ω(0, 0) = 0

• An inner product on V is a positive definite, symmetric bilinear map. We write Ω(x, y) =
⟨x, y⟩. The pair (V, ⟨·, ·⟩) is called an inner product space.

• Inner products capture the notion of alignment between vectors—analogous to angles in
Euclidean space.

• Examples of inner products:

1. Standard dot product on Rn: ⟨x, y⟩ = xT y =
∑

i xiyi

2. Weighted inner product: ⟨x, y⟩ =
∑

iwixiyi for wi > 0

3. For polynomials p, q ∈ Pn: ⟨p, q⟩ =
∫ 1
0 p(x)q(x)dx
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2.2 Norms Induced by Inner Products

Every inner product naturally gives us a way to measure the ”size” of vectors.

• Any inner product induces a norm: ∥x∥ =
√

⟨x, x⟩

• This satisfies the three axioms of a norm:

1. Absolutely homogeneous: ∥λx∥ = |λ|∥x∥
2. Triangle inequality: ∥x+ y∥ ≤ ∥x∥+ ∥y∥
3. Positive definite: ∥x∥ ≥ 0 and ∥x∥ = 0 ⇔ x = 0

• The induced norm measures the ”length” or ”size” of a vector

• Examples for Rd:

– From ⟨x, y⟩ = xT y we get ∥x∥2 =
√
xTx =

√∑
i x

2
i (Euclidean norm)

– From ⟨x, y⟩ =
∑

iwixiyi we get ∥x∥ =
√∑

iwix2i (weighted norm)

• Note: Not all norms come from inner products. For example, ∥x∥1 =
∑

i |xi| and ∥x∥∞ =
maxi |xi| cannot be expressed as

√
⟨x, x⟩ for any inner product.

• Cauchy-Schwarz inequality: For any inner product,

|⟨x, y⟩| ≤ ∥x∥∥y∥.

• The induced norm defines a distance (metric), d(x, y) = ∥x− y∥, which satisfies:

1. Non-negativity and identity: d(x, y) ≥ 0 and d(x, y) = 0 ⇐⇒ x = y

2. Symmetry: d(x, y) = d(y, x)

3. Triangle Inequality: d(x, z) ≤ d(x, y) + d(y, z)

For example, the Euclidean distance between x, y ∈ Rd is given by ∥x− y∥2.

2.3 Matrix Representation of Inner Products

Just as linear mappings become matrices when we choose a basis, inner products also have matrix
representations.

• Let V be an inner product space with ordered basis B = (b1, . . . , bn). Any vectors x, y ∈ V
have coordinate vectors x̂ = (ψ1, . . . , ψn) and ŷ = (λ1, . . . , λn). By bilinearity,

⟨x, y⟩ =

⟨∑
i

ψibi,
∑
j

λjbj

⟩
=

∑
i

∑
j

ψi⟨bi, bj⟩λj = x̂TAŷ

where Aij = ⟨bi, bj⟩.
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• This parallels what we saw for linear mappings: just as a linear map Φ has a transformation
matrix AΦ, an inner product has a matrix A whose entries are inner products of basis vectors.

• Since the inner product is positive definite, we have xTAx > 0 for all x ∈ V \ {0}.

• Definition: A matrix A is positive definite if xTAx > 0 for all non-zero x, and positive
semi-definite if xTAx ≥ 0 for all x.

• Theorem: For a finite-dimensional vector space V with ordered basis B, ⟨·, ·⟩ is an inner
product if and only if there exists a symmetric positive definite matrix A such that ⟨x, y⟩ =
x̂TAŷ.

3 Orthogonality

With inner products, we can formalize the notion of ”perpendicularity.”

3.1 Orthogonal and Orthonormal Vectors

• Two vectors x, y are orthogonal if ⟨x, y⟩ = 0. We write x ⊥ y.

• If additionally ∥x∥ = ∥y∥ = 1, then x, y are orthonormal.

• Orthogonality generalizes perpendicularity to arbitrary inner products.

• Example: (1, 1) and (−1, 1) are orthogonal with respect to ⟨x, y⟩ = xT y, but not with respect

to ⟨x, y⟩ = xT
[
2 0
0 1

]
y.

• A basis B = (b1, . . . , bn) is an orthonormal basis (ONB) if ⟨bi, bj⟩ = 0 (orthogonal) for
i ̸= j and ⟨bi, bi⟩ = 1 (normalized) for all i.

• Orthonormal bases have minimal redundancy and are standardized—ideal for computations.

• An orthonormal matrix Q ∈ Rn×n has orthonormal columns. This means:

– QTQ = QQT = I

– Q−1 = QT (inverse is just transpose!)
– ∥Qx∥2 = ∥x∥2 (preserves lengths)

3.2 Orthogonal Complements

• Let V be a D-dimensional vector space and U ⊆ V be an M -dimensional subspace.

• The orthogonal complement U⊥ ⊆ V is the (D −M)-dimensional subspace:

U⊥ = {v ∈ V : ⟨u, v⟩ = 0 for all u ∈ U}
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• Since U ∩ U⊥ = {0}, every vector x ∈ V decomposes uniquely as:

x = xU + xU⊥

where xU ∈ U and xU⊥ ∈ U⊥.

• If (b1, . . . , bM ) is a basis for U and (b⊥1 , . . . , b
⊥
D−M ) is a basis for U⊥, then:

x =
M∑

m=1

λmbm +
D−M∑
j=1

ψjb
⊥
j

• Example: In R3, if U is a plane through the origin, then U⊥ is the line perpendicular to
that plane.

4 Projections

4.1 Definition and Properties

• Let U ⊆ V be a subspace. A linear mapping π : V → U is a projection if π2 = π.

• When we choose a basis, projection matrices P satisfy P 2 = P .

• An orthogonal projection πU : V → U finds the closest point in U :

πU (x) = argmin
u∈U

∥x− u∥

• Key insight: If πU (x) is the closest point to x in U , then the error x − πU (x) must be
orthogonal to U :

⟨x− πU (x), u⟩ = 0 for all u ∈ U

• This means x− πU (x) ∈ U⊥, so x = πU (x) + (x− πU (x)) is the orthogonal decomposition.

• Computing the projection (General Case): Let (b1, . . . , bM ) be a basis for U . The
coordinates λ of the projection πU (x) =

∑
j λjbj are found by solving the linear system

derived from the orthogonality condition ⟨bi, x− πU (x)⟩ = 0:

M∑
j=1

λj⟨bi, bj⟩ = ⟨bi, x⟩ for each i = 1, . . . ,M

This is the systemGλ = c, whereGij = ⟨bi, bj⟩ is the invertible Gram matrix and ci = ⟨bi, x⟩.
The unique solution is λ = G−1c.

• Formula for RD with the Dot Product: In the common case where our vector space is
V = RD and our inner product is the standard dot product, this abstract solution becomes
concrete. Let B be the matrix whose columns are the basis vectors bi ∈ RD. The system
becomes:

B⊤(x−Bλ) = 0 ⇔ B⊤x = B⊤Bλ
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Since the columns of B form a basis, they are linearly independent, so the Gram matrix B⊤B
is invertible. We can solve for the coordinates λ:

λ = (B⊤B)−1B⊤x

Substituting back, the projection is given by the matrix formula:

πU (x) = Bλ = B(B⊤B)−1B⊤x

• If the basis vectors in B are orthonormal with respect to the dot product, then B⊤B = I,
and the formula simplifies to πU (x) = BB⊤x. The coordinates are simply λ = B⊤x.

• Projection onto affine spaces: For L = x0 + U , we have πL(x) = x0 + πU (x− x0).

5 Application: Least Squares

We can now apply projections to solve the linear regression problem: given a data matrixX ∈ RN×D

and targets Y ∈ RN , find parameters θ ∈ RD that best satisfy Xθ ≈ Y .

• The system Xθ = Y often has no exact solution, as this would require Y to be in the column
space of X, denoted col(X).

• The least squares approach is to find the parameters θ̂ that minimize the squared ℓ2 error:

θ̂ = argmin
θ

∥Y −Xθ∥22

• Geometric interpretation: The vector of predictions Xθ is always in col(X). Minimizing
the error is equivalent to finding the point in col(X) closest to Y . This is the orthogonal
projection of Y onto col(X).

• Let Ŷ = πcol(X)(Y ). Using the projection formula with the standard dot product (where the
columns of X form the basis), we have:

Ŷ = X(XTX)−1XTY

• We are looking for the θ̂ such that Xθ̂ = Ŷ . By inspection, we arrive at the least squares
solution (or normal equations):

θ̂ = (XTX)−1XTY

• This solution is unique if the columns of X are linearly independent (i.e., rk(X) = D), which
ensures XTX is invertible. The matrix (XTX)−1XT is the pseudoinverse of X.

• Beyond least squares: This framework is extensible. To prevent overfitting, we often add
a penalty to the loss function, known as regularization: minθ ∥Y −Xθ∥2 + λ∥θ∥2. Here, the
first norm measures fit to data, while the second norm measures model complexity. This same
principle of using norms, inner products, and projections to find an optimal balance between fit
and complexity is what will allow us to solve optimization problems in the infinite-dimensional
function spaces central to the Representer Theorem.
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