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1 Recap and Preview

Last time, we saw that pointwise evaluation is ill-behaved in standard function spaces like L?. This
motivated the need for kernels, the tools required to build special Hilbert spaces where evaluation
is well-behaved.

Today, we construct these spaces—called Reproducing Kernel Hilbert Spaces (RKHS)—
and prove the powerful Representer Theorem, which makes infinite-dimensional optimization
practical.

Roadmap:

1. Reproducing Kernel Hilbert Spaces (RKHS)—special function spaces with a "magic” property
2. The Representer Theorem—why infinite-dimensional optimization is tractable

3. Applications to kernel ridge regression and SVMs

2 Reproducing Kernel Hilbert Spaces

2.1 Definition and Properties

Let K : X x X — R be a kernel. For any point x € X, define the function K, : X — R as
K,(-) = K(z,-). We will build our Hilbert space from these functions.

e Start with the set of all finite linear combinations of these functions:
Ho = {f f() = Z%‘K(%, -) for some m, ai,xi}
i=1
o Define an inner product on Ho: For f =37, a; Ky, and g =3, B; Ky,

i=1 j=1

o The induced norm is || f|lx = /{f, [)%-

o Definition: The Reproducing Kernel Hilbert Space (RKHS) #x is the completion of
‘Ho with respect to this norm.

e ”Completion” means: add all limit points to make it a complete Hilbert space.



2.2

The Reproducing Property

This is the key property that makes RKHS special.

Theorem 1 (Reproducing Property). For any f € Hx and x € X:

o Proof for f e Ho: If f=)", a;K,,, then:

2.3

= ZaiK(xi,x)

7

= f(=)

H

For general f € Hg: use continuity and limits.
Special case: K,(y) = (K., K,)u = K(z,y)

Intuition: Think of K, as the "z-th basis vector” in function space. The reproducing
property says: to evaluate f at x, just take the inner product with K.

This is like eiTx = z; in R™—the i-th standard basis vector "extracts” the i-th coordinate.

Key Consequences

Evaluation is continuous: If f, — f in Hg, then f,(x) — f(z) for all .

Proof: By Cauchy-Schwarz,

[fu(2) = f(@)| = [(fn = f, Ka)n]
<o = Fllael Kalla

= lfo = fllnvE(z,z) =0

In general Hilbert spaces like L2, convergence in norm doesn’t imply pointwise convergence.
RKHS are special!

Theorem (Moore-Aronszajn): Every kernel K defines a unique RKHS H g with K as its
reproducing kernel. Conversely, every RKHS has a unique reproducing kernel.

There’s a one-to-one correspondence: {kernels} <» {RKHS}.



2.4 Examples
o Linear kernel: K(z,y) = 2Ty gives Hx = {f(z) = wl'z : w € R?} (finite-dimensional)
« Polynomial kernel: K(z,y) = (z7y + 1)? gives finite-dimensional RKHS of polynomials

« Gaussian kernel: K(z,y) = exp(—|z — y||*/(20%)) gives infinite-dimensional RKHS of
smooth functions

3 The Representer Theorem

Now for the main result: optimization over infinite-dimensional RKHS reduces to finite dimensions.

3.1 The Setup

Consider the regularized empirical risk minimization problem:

min Zf(f(xz)a i) + /\HfH%-{

where:

e /:R xR —Ris a loss function (e.g., squared loss, hinge loss)
o (z1,11),...,(zN,yn) are training data
e A > 0 is a regularization parameter

o We optimize over all functions in the (possibly infinite-dimensional) RKHS H

Question: How can we solve this? There are infinitely many functions to search over!

Answer (Representer Theorem): The optimal solution has the form:
N
[@) =) @K (z;,x)
i=1

for some coefficients aq,...,any € R.

So even though we optimize over an infinite-dimensional space, the solution only has N degrees of
freedom!

3.2 Statement and Proof

Theorem 2 (Representer Theorem). Let Hy be an RKHS with kernel K, let £ : RN xRN — RU{co}
be any function, and let 2 : [0,00) — R be strictly increasing. Consider:

f* = argmin [E(f(xl), s f@N) YL, yN) + Q(Hf”%{)]
feHK



Then f* has the form:

for some aq,...,any € R.
Proof idea: Use projection.

Proof. Step 1: Decompose f.

Let U = span{K,,, ..., K, } be the span of kernel functions at training points. By the projection
theorem for Hilbert spaces, any f € Hx decomposes uniquely as:

f=fu+for

where fi; € U and f;. € Ut (orthogonal complement).

Since these are orthogonal:
£ = Ifullz + o el > I foll3

Since 2 is strictly increasing:
Q1 £15) >l follz)

Step 2: Show f(z;) only depends on fy.
By the reproducing property:

f(xl) = <f?K$i>H = <fU +fUi’K96i>7‘l

But K, € U and fy. € Ut, so (fyo, Kz, )% = 0. Thus:

f(zs) = (fu, Ko))n = fu(zs)

This means the predictions at training points only depend on fi;!
Step 3: Conclude.
The objective is:
U f(@n)s- o fan)iyns - un) + Q)
From Step 2: the loss term only depends on fi.
From Step 1: the regularization term is minimized when f;;1. =0, i.e., when f = fy € U.

Therefore, f* € U = span{Ky,,..., Kz, }, which means:

N
@) =) aiK (i, x)
i=1



3.3

Interpretation and Consequences

Geometric view: The optimal function lies in the N-dimensional subspace spanned by
{Kqyp, ..., Kay )

Even though H i might be infinite-dimensional (e.g., Gaussian kernel), the solution only uses
N basis functions!

Computational view: We only need to find N coefficients aq,...,an. This reduces to
finite-dimensional optimization.

This is a general projection result: we find the best solution in the subspace of functions
"generated” by the training data.

The Representer Theorem holds for any loss function and any increasing regularizer. Very
general!

4 Application: Kernel Ridge Regression

Problem: Given data (x1,v1),..., (N, yn), minimize:
N
. 2 2
min i) —yi) + A
nin ;Zl(f( i) — i)+ Al fl%

Solution: By the Representer Theorem, f*(z) = Zf\il a; K (z, x) for some a.

Substituting: predictions are f*(z;) = >, oK (x;,x;), so in vector form § = Ka where K;; =
K(.’L’i, $j).

The norm is || f*||3, = o’ Ka (by bilinearity of inner product).

Therefore we minimize:

min [[|Ka — y||2 + Mo’ Ka
min [ Ka - ylB ]

Setting the gradient to zero gives:

a=(K+A)y

N

To predict on a new point: f*(z) =) ., a; K(x;, z).

The kernel trick in action. Compare to linear ridge regression: 6 = (XTX + A7t XTy. The
form is similar, but now we work with the N x N kernel matrix. With the Gaussian kernel, we get
infinite features for the cost of O(N3) time!

5 Summary

The journey:



o We began with linear algebra in finite dimensions (vector spaces, bases, projections).

e We extended these concepts to infinite dimensions via Hilbert spaces and introduced kernels
to solve the problem of pointwise evaluation.

o Today: RKHS and the Representer Theorem make infinite-dimensional optimization tractable.
Key insight: Even though we optimize over infinite-dimensional RKHS, the solution has only NV
¥ N
parameters: f*(x) =) ., o, K(x;, x).

Applications: This framework underpins Support Vector Machines, Gaussian Processes, kernel
ridge regression, and many other ML methods.
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