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In the last lecture, we established that for convex functions, any critical point where V f(z) = 0 is
a global minimum. Today, we will show that gradient descent converges to the global minima for
smooth convex functions.

1 Smoothness (Lipschitz Gradient)

While convexity prevents a function from having multiple disconnected minima, it doesn’t prevent
the function’s curvature from being arbitrarily large. An algorithm can easily overshoot and diverge
if the gradient changes too rapidly. Smoothness is a condition that limits how fast the gradient can
change.

Definition 1 (Smoothness). A function f is L-smooth for some L > 0 if its gradient is Lipschitz
continuous with constant L. Formally, for all x,y:

IVf(x) = Vill2 < Lz =yl

This definition means the gradient cannot change arbitrarily fast. For twice-differentiable functions,
smoothness is equivalent to having an upper bound on the Hessian, which means the function’s
curvature cannot be infinite.

Property 2 (Second-Order Condition for Smoothness). A twice-differentiable function f is L-
smooth if and only if its Hessian is bounded above:

V2f(x) < LI for all x

This means the largest eigenvalue of the Hessian is at most L.

An L-smooth function is quadratically upper-bounded. This is a crucial consequence that we will
use in our proof.

Lemma 3 (Quadratic Upper Bound). If f is L-smooth, then for all z,y:
T L 2
Fly) = f2) + V@) (y—2)+ S lly -l

This inequality says that the function doesn’t curve upwards too much faster than a quadratic with
curvature L. It provides a global upper bound on the function’s value.
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Figure 1: An L-smooth function is upper-bounded by a quadratic function at every point.

2 Convergence of Gradient Descent for Convex Functions

Recall the gradient descent algorithm:

Algorithm 1: Gradient Descent
Input: Starting point xg, step size 1, number of iterations T’
Output: Final parameters xr
Initialize zq;
fort=0,...,7—1do
Tip1 = 2y — NV f(x4);
end

return zr;

We have all the pieces to prove the convergence of gradient descent for functions that are both
convex and smooth. We will prove the following theorem:

Theorem 4. Let f be a conver and L-smooth function. If we run gradient descent with a fixed
step size n < 1/L, then for any optimal point x*:

k|12
flar) - o) < 12022

This result shows that the “optimality gap” f(z7)— f(2*) shrinks at a rate of O(1/T). This means

TP
that to guarantee the error is less than some €, we need to run for 17" > % iterations, so the
number of iterations is O(1/€).

2.1 Proof of Theorem 4

The proof rests on two key lemmas. The first, the Descent Lemma, guarantees that our function
value decreases at each step. The second, the Progress Lemma, relates this decrease to the
distance from the optimum. We will first prove these two lemmas and then combine them to prove
the main theorem.



Lemma 5 (Descent Lemma). For an L-smooth function, a gradient descent step with n < 1/L
guarantees that

fwe) < fla) = SV @3

Proof. We start with the quadratic upper bound from the smoothness property, letting = x; and
Y = Ti41:

Flxi1) < floe) + V() T (w1 — x) + gH.I‘t_H — z4||2  (smoothness upper bound)
= Fla) + V@) (09 F@) + 2l = aV i@l (substitute eps = a0 1V f ()
= Je) =V £+ ZEIV S @)l (simplify inner product and normm)
— s =0 (1= 2 IVS@I  (actor o V)

If we choose the step size n < 1/L, then (1 — Ln/2) > 1/2, which gives the desired result. O

Lemma 6 (Progress towards Optimum). Let f be convex and L-smooth. For a gradient descent
step with n < 1/L, we have:

. 1 X «
flxip1) — fl2¥) < 2 ([l — = 13 = |zt41 — Hg)

Proof. First, we analyze the change in distance to the optimum z*:

lzer1 — 2|3 = ||ze — NV f(z¢) — 2*||3 (substitute GD update)
= |lzy — 2*||3 — 20V f(2) " (2 — %) + 2|V f(20) |3 (expand squared norm)

Using the first-order condition for convexity, V f(x;) " (z; — *) > f(x;) — f(z*), we can bound the
middle term:

Jess — 213 < llae —2*13 — 20(f(2) — F@*) + 2V F@)l3 (apply convexity)

The Descent Lemma implies ||V f(x;)(|3 < %(f(xt) — f(2¢41)). Substituting this in:

leesr — a3 < lloe — 213 — 2n(f(z2) — F(@*)) + 20 (@) — f(z41))  (apply Descent Lemma)
The 2nf(x;) terms cancel. Rearranging the remaining terms gives the desired result:

20(f(zig1) — f(2*)) < ||me — 2*||3 — ||zep1 — 2|3 (simplify and rearrange)

With these lemmas in hand, the proof of the main theorem is straightforward.

Proof of Theorem 4. We sum the inequality from Lemma 6 over all iterations t =0,...,7 — 1:
T-1 =
(f(ze1) = f(27)) < 2 > (e — 2[5 = [|lz1 — 27[13)
t=0 t=0
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The right hand side is a telescoping sum. To see how it collapses, let’s write out the first few
and last terms of the sum:

T-1

> (lze = I3 — llzess —27(13) = (lwo — ¥ — llz1 —2"[3)  (t=0)
t=0

+ (lor = 2*[3 = w2 — 2™[3)  (t=1)
+ ...
+ (ler—1 — 2|3 — lor — 2*|3)  (t=T-1)
The negative part of each term cancels the positive part of the next, leaving only the first part of

the first term and the last part of the last term. The sum simplifies to ||z — 2*||3 — |z — 2*||3.
Since norms are non-negative, we can bound this by simply dropping the negative term: |z —z*||3.

Plugging this back into our main inequality, we get:
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Since f(x) is non-increasing (from the Descent Lemma), the final value f(zr) is the smallest value
in the sequence f(x1),..., f(zr). Therefore, we can bound the sum on the left:

~
L

lwo — 2*[13

5 (bound sum by its smallest term)
n

T(f(zr) = f(2") < ) (@) — f(27)) <

t

Il
o

Finally, dividing by T gives the desired result.

o o — a3

flxr) — f(z¥) < o T (divide by T')

3 Faster Convergence under Strong Convexity

If we additionally assume the function is p-strongly convex, we get a much faster rate.

Theorem 7. Let f be p-strongly conver and L-smooth. With n = 1/L, GD converges at a linear
rate:

. T .
lor =2l < (1= %) llzo =2z

This is called a linear convergence rate because the error is multiplied by a constant factor < 1
at each step, analogous to how a geometric series decreases. The error gets reduced by a constant
factor every iteration, so the number of iterations to get € error is O(log(1/€)). This is much faster
than the O(1/e) rate for general convex functions.

While we will not see the general proof here, in the homework, we will show the result for the least
squares problem.
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